Abstract-The paper deals with collision-dominated boundary layers of weakly ionized thermal plasmas on emitting electrodes. The case considered is when the dominating ionization mechanism in the plasma is ionization by electron impact, and the dominating recombination mechanism is recombination with an electron as a third body. The ratio of the Debye length to the recombination length is treated as a small parameter, and the method of matched asymptotic expansions is employed. Analytical formulas have been obtained for the distributions of the number densities of ions and electrons and of the electrostatic potential in each asymptotic zone. Formulas have been obtained describing the voltage drop in the boundary layer as a function of the density of the electric current coming from the plasma to the electrode.
I. INTRODUCTION
A N analytic theory of collision-dominated boundary layers of weakly ionized thermal plasmas on nonemitting electrodes has been developed in [1] - [3] . The aim of the present paper is to extend the theory to electrodes from which there is electron emission. Being of theoretical interest, such an extension is also of practical value due to application found by the model of a collision-dominated weakly ionized thermalequilibrium boundary layer in studies of high-pressure arc discharges (e.g., [4] - [6] ).
A powerful means of theoretical investigation of plasma boundary layers is an asymptotic approach in the framework of which the ratio of the Debye length to a characteristic length scale is considered to be a small parameter and the technique of matched asymptotic expansions is employed. Such an approach was developed in the 1960's (e.g., [7] - [10] ) and has been widely used since then. This approach is used also in the present paper.
II. THE MODEL

A. Governing Equations and Boundary Conditions
Neglecting derivatives in the direction along the electrode surface in comparison with those in the direction perpendicular to the surface, one can write the system of hydrodynamic equations describing distributions of singly charged positive Manuscript received November 18, 1996; revised February 19, 1997. This work was supported by FEDER and by the program Praxis XXI.
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ions, electrons, and of the electrostatic potential in a weakly ionized thermal-equilibrium plasma in the form
Here index designates ions and electrons and are the number densities and the densities of the diffusion fluxes of ions and electrons, are the charge numbers (i.e., and ), is the electrostatic potential, is the temporal rate of change of the number densities of ions and of electrons due to ionization and recombination, are the diffusion coefficients for ions and electrons in the neutral gas, is the plasma temperature, is the electronic charge, is the Boltzmann constant, and the -axis is directed from the electrode surface into the plasma. Equation (1) shows the equations of conservation of number and the hydrodynamic transport equations for ions and electrons, the latter being written under the supposition that the electron and heavy-particle temperatures are equal and spatially uniform. Equation (2) is the Poisson equation.
In most situations, the dominating ionization mechanism in thermal plasmas of atomic gases is ionization by electron impact, and the dominating recombination mechanism is recombination with an electron as a third body. Therefore, we set , where is the number density of the neutrals and and are the ionization and recombination rate constants.
We consider a situation in which electrons are emitted from the electrode surface into the plasma, while all ions coming from the plasma are absorbed by the surface. Then the ion density at the electrode surface should be assumed zero in the hydrodynamic approximation:
. The electron number density is related to the emission flux:
, where is the density of the emission current and is the mean thermal velocity of electrons.
At the edge of the near-electrode boundary layer, the plasma is electrically neutral and ionization equilibrium holds. The appropriate boundary conditions read . We set at the electrode surface. As a last boundary condition, the density of the electric current from the plasma to the electrode surface is specified:
(given).
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B. Asymptotic Statement of the Problem
It is convenient to introduce the characteristic length scales (3) and the characteristic electric current densities
Evidently, is the Debye length; represents a scale on which the rate of change of the charged particle density due to ambipolar diffusion is comparable to the ionization and recombination rates and is conventionally called the recombination length; and are the current densities associated to diffusion of the charged particles over the Debye and recombination lengths, respectively.
We introduce the dimensionless variables (5) and write the problem under consideration as follows:
where the prime designates differentiation with respect to and
The Debye length is much smaller than the recombination length in conditions typical for many thermal plasmas. Hence, one can apply to the problem under consideration an asymptotic approach based on being a small parameter. The current density may vary over a wide range. Two cases will be treated in this paper: a case of moderate currents and a case of large positive currents . (Note that .) In terms of the dimensionless current density, these two cases correspond to and , respectively. We consider a situation when the electron density created by electron emission, , is comparable to the equilibrium density ; therefore, the parameter will be treated as finite.
III. ASYMPTOTIC SOLUTION
In order to obtain an approximate analytic solution, we use the method of matched asymptotic expansions in the small parameter . A mathematical treatment is briefly presented in this section; a physical discussion of the solution is given in Section IV. For brevity, details of the asymptotic procedure are omitted; see, e.g., a description of the method of matched asymptotic expansions in [11] and in references therein.
A. Case of Moderate Currents
Consider first a straightforward asymptotic expansion (10) We substitute this expansion into (6) and (7) . All terms are of order unity with the exception of the term on the left-hand side of the Poisson equation, which is of order . Omitting the latter term, one obtains the condition of quasineutrality . The other equations may be combined to give (11) A solution of this equation subject to the first and last boundary conditions (8) reads
. Other unknown functions may be readily found (12) where is a constant of integration and is related to the dimensionless current density by the formula (13) The electron density described by the constructed solution does not satisfy the boundary condition at the electrode surface and the potential has a singular point at the electrode surface. Hence, the obtained solution is inapplicable in a vicinity of the surface. One should consider other asymptotic expansions (inner expansions) in order to describe this vicinity.
Suppose that in the above-mentioned vicinity. Since length scales in this vicinity are much smaller than unity, the right-hand side of the first part of (6) may be dropped. The fluxes in the region considered are to a first approximation constant and (14) Thus, one may consider quantities as given when constructing inner expansions.
First, consider an inner expansion valid in the near-surface region of the thickness of order of the Debye length. This expansion is related to the variable . Since , it is natural to suppose that in the region considered. Assuming that variation of the dimensional potential in the considered region is of order of , one should suppose . Thus, we seek an expansion of and in the form (15) Substituting this expansion into the second part of (7) and omitting the term on the left-hand side (which is of order unity, while the terms on the right-hand side are of order of ), one obtains the equation (16) If an equation for the ion density were similar to (16), a solution for the ion density would be trivial, since the boundary condition for at the electrode surface is trivial. Hence, an equation for the ion density must be nonhomogeneous. In other words, the left-hand side of the first part of (7) cannot be discarded in the first approximation. This means that terms on the right-hand side of this equation should be of order unity, which occurs if . Thus, the asymptotic expansion of is (17) All terms in the first and third parts of (7) are of order unity with the exception of the term accounting for ion space charge in the third part of (7), which is of order of . In the first approximation, these equations assume the form (18) It is natural to suppose that the electric field outside the considered region is much smaller than that inside, which results in the boundary condition . A solution of (16), (18) subject to this boundary condition and to the first, second, and third conditions (8) is (19) Asymptotic expansion (15), (17) loses is validity at large , where the ion space charge, discarded in the second part of (18), becomes comparable to the electron space charge. In order to describe this region, one should consider the asymptotic expansion (20) where . Omitting the terms on the left-hand sides in the first and second parts of (7) (which are of order unity while the terms on the right-hand sides are of order of ), one obtains equations 
Supposing once again that the electric field outside the considered region is much smaller than that inside, one obtains the boundary condition . A solution of (21) subject to this boundary condition and to conditions (22) reads (23) where the quantities and are given by the formulas (24)
Since functions tend to a constant value as , the density of the charged particles described by expansion (20) remains of order of as . On the other hand, the charged particle density described by the straightforward expansion (10) is of order unity. Hence, expansions (20) and (10) cannot be matched directly and one must introduce an intermediate expansion. This expansion is (25) where . Omitting the term on the left-hand side in the third part of (7) (which is of order relative to the terms on the right-hand side), one obtains equations (26) The boundary conditions at follow from matching of expansions (25) and (20):
. A solution reads (27) Expansion (25) can be matched with the straightforward expansion (10) , and this matching allows one to find , where
B. Case of Large Positive Currents
An outer expansion reads
Omitting in (6) and (7) terms of order of relative to leading those, one obtains the equations (30) where is a given positive parameter of order unity.
One finds ; , however, these equations are insufficient to find and . In order to find the missing relationship, one can consider the following equation which may be derived from (6) and (7) This equation represents a specific case of a similar equation derived in [1] , and its solution subject to the last boundary condition (8) is (33) where is an unknown constant. A solution for the potential subject to the third boundary condition (8) reads (34) The expansion valid in the near-surface region of the thickness of order of the Debye length reads
All terms of (7) This problem has been treated in [12] . In particular, the constant may be found by means of the first part of (23) [12] :
(38)
IV. DISCUSSION OF RESULTS AND THE CURRENT-VOLTAGE CHARACTERISTICS
Consider first the case of moderate currents, when is of order of the current density associated to diffusion of the charged particles over the recombination length scale:
. The results indicate that the near-electrode boundary layer may be divided, as usual, into the quasi-neutral region and the space-charge sheath adjacent to the electrode surface. The sheath is described by expansion (15), (17) and by expansion (20), the quasi-neutral region is described by expansions (10) and (25). The thickness of the boundary layer on the whole is of order of the recombination length, which could have been anticipated. The thickness of the sheath is of order of .
Expansion (15), (17) describes the near-surface part of the sheath, whose thickness is of order of the Debye length . The electron density in this region is high due to electron emission from the surface and exceeds substantially the ion density. The electric field in this region is induced by electrons and is directed from the electrode surface into the plasma. Diffusion and drift of electrons in the considered region are to a first approximation in equilibrium; therefore, the distribution of electrons is governed by the Boltzmann factor. The electron distribution and the distribution of the electric field are independent of the total current. (In fact, the dimensionless quantities and may be expressed as functions of a single argument , where is the Debye length calculated in terms of the electron density at the electrode surface created by electron emission.)
As the distance from the electrode surface increases, the electron density decreases and the ion density increases. At a distance of order of , the electron and ion densities become comparable. This region is described by expansion (20). Densities of the charged particles are small in this region:
. Diffusion and drift of both electrons and ions in the considered region are to a first approximation in equilibrium, and the distributions of ions and electrons are governed by the Boltzmann factors. The electric field in this region is affected by the current; however, in all the cases, it is directed from the electrode surface into the plasma. The plasma is quasi-neutral at the edge of the region considered.
Expansion (25) describes a layer of the thickness of order , which is intermediate between the sheath and the main bulk of the quasi-neutral region. The plasma is quasi-neutral in this layer. Densities of the charged particles are of the same order as in the outer part of the sheath, i.e., of order . Diffusion and drift of the charged particles are not in equilibrium. The direction of the electric field is governed by the sign of the parameter . Ionization and recombination in this region (as well as in the sheath) are negligible as compared to diffusion and drift.
Expansion (10) describes the main bulk of the quasi-neutral region. This zone may be called the ionization layer. Diffusion and drift of the charged particles are comparable with ionization and recombination in this layer. Distribution of the charged particles in this layer is described by the ambipolar diffusion equation (11) . The plasma is undisturbed at the edge of this layer, i.e., ionization equilibrium holds and Ohm's law is applicable.
Consider now the case of large positive currents, when the electrode operates in the cathode regime and is of order of the current density associated to diffusion of the charged particles over the Debye length scale:
. The quasineutral part of the perturbation region is described by a single asymptotic expansion [expansion (29)], as well as the sheath [expansion (35)].
The thickness of the sheath is of order of the Debye length, the solution describing the sheath is discussed in [12] . The quasi-neutral part of the perturbation region may be termed the ionization layer, its thickness is of order of the recombination length. Drift of the charged particles in the ionization layer dominates over diffusion (hence Ohm's law is applicable), and over ionization and recombination as well. The charged particle distribution in the layer is governed by (32), which is similar to the ambipolar diffusion equation except for the second term in the parenthesis on the left-hand side, which accounts for a deviation from quasi-neutrality. In other words, the deviation from quasi-neutrality, which is a small effect, produces a finite effect over the charged particle distribution. (This effect takes place also for nonemitting cathode [1] .) The electric field in the ionization layer is directed to the cathode surface and is of the same order as that in the sheath . The charged particle density at the sheath edge, , may be found by means of the relation with the use of (28) and (38) in the cases and , respectively. One can see that in the former case and in the latter. It can be shown that (28) and (38) agree in the intermediate current range . One can calculate also the current-voltage characteristic of the boundary layer. Applying the limit to the third part of (12), one finds that a distribution of the potential in the undisturbed plasma may be represented as a sum of the ohmic part and of a constant quantity given by the formula (39) where is the electrical conductivity of the undisturbed plasma.
The quantity has the meaning of a difference between the voltage across the boundary layer and the voltage across a layer of the undisturbed plasma of equal thickness. This quantity will be referred to as the voltage drop in the boundary layer; note that does not depend on a (rather arbitrary) definition of the "edge" of the boundary layer, in contrast to the voltage across the boundary layer. The first term on the right-hand side of (39) describes a contribution of the sheath to the total voltage drop in the boundary layer (this contribution is negative), the second and third terms describe a contribution of the ionization layer (which can be positive or negative).
Equation (39) represents a description of the current-voltage characteristic of the boundary layer, , in the range of moderate currents. Before discussing it, it is appropriate to say a few words about a current-voltage characteristic in the case when electron emission is absent. The fluxes of both ions and electrons at the electrode surface are directed in this case to the surface, i.e., inequalities must hold. Taking into account (14), one finds that . It follows that the current density is limited both in the cathode and anode regimes:
, where the quantities may be termed the saturation currents densities (cf. [13] ).
Returning to the characteristic described by (39), one can see that as . Thus, the saturation in the anode regime exists, as in the case without emission. However, singularities are absent in the range of positive , which means that there is no saturation in the cathode regime.
Using (33) and (34), one finds the voltage drop in the case (40) where, as before, . Being derived in the first approximation, this formula describes the voltage drop in the ionization layer while that in the sheath is disregarded. (Since the thickness of the ionization layer is much larger than that of the sheath while the electric fields are comparable, the voltage across the ionization layer is much larger than that across the sheath.) The integral on the right-hand side of (40) represents the normalized difference between ohmic resistances of the ionization layer and of a layer of the undisturbed plasma of equal thickness. If , the charged particle density in the ionization layer is smaller than that in the undisturbed plasma and the above difference is positive. If , the ionization layer is a better conductor than the undisturbed plasma and the difference is negative. Equation (40) may be simplified in the cases and as follows, respectively:
Here the use has been made of the fact that in the case and in the case . Taking into account the first formula (41), one can see that (39) and (40), describing the voltage drop in the near-cathode layer in the ranges of moderate and large positive currents, agree in the intermediate range .
The second formula (41) shows that the resistance of the near-cathode layer in the range increases proportionally to . The reason is that the thickness of the ionization layer grows, which can be seen from (33).
As an example, we apply the obtained results to a boundary layer of a mercury plasma under the pressure of 30 atm and the temperature of 4000 K. One finds for these conditions: m , m, m, kA/m , and kA/m . Assume that the work function of the electrode material is 4.5 eV, which corresponds to tungsten, and the surface temperature is 3100 K. The anode branch of the current-voltage characteristic of the boundary layer, calculated by means of (39), is shown in Fig. 1 by the solid line; the broken line depicts the electron saturation current . The cathode branch is shown in Fig. 2 ; in order to avoid switching between (39) and (40), a uniformly valid formula has been used. (Such a formula is obtained by adding (39) and (40) and subtracting the first part of (41).) Also shown in Fig. 2 are the normalized charged particle density at the sheath edge, , calculated by means of the uniformly valid formula obtained in a similar way, and the normalized electron density at the cathode surface created by electron emission, . The broken line depicts the current density value and is shown in order to give an idea of a "boundary" between the ranges of moderate and large currents.
In the range of moderate currents, the electric field at the electrode surface is directed into the plasma, the emission current is governed by the Richardson formula, and is independent of . This is the case also in the beginning of the range of large currents. As reaches the value of approximately 9 kA/m , the electric field at the cathode surface changes direction and begins contributing to electron emission, the dependence becomes increasing. (When estimating the Schottky correction, the electric field at the cathode surface has been calculated by means of the second part of (23) [12] .) The voltage drop is of order of 1 V in the range of moderate currents and reaches quite high values at large currents; in particular, is over 2 kV when A/m . In [4] , the model of a collision-dominated weakly ionized thermal-equilibrium boundary layer is used for a description of a near-cathode boundary layer in high-pressure arc lamps under conditions similar to those considered above. It follows from the present results, however, that regimes with a weakly ionized plasma in thermal equilibrium under these conditions can hardly realize at current densities typical for arc lamps (of order of 10 A/m and higher [4] ) since the voltage drop in the near-cathode layer would be unrealistically high.
